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An improved estimate on the number of zeros of the first derivative of Dirichlet L-

functions
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Yildirim in 1996 investigated many properties of zeros of the derivatives of Dirich-
let L-functions associated with primitive Dirichlet characters. Among, he proved a
zero-free region and classified zeros of the derivatives of these Dirichlet L-functions
into trivial, nontrivial, and “ vagrant ” zeros. With this classification, he counted
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not only nontrivial, but also vagrant zeros of the derivatives of these L-functions.
In this talk, we show the nonexistence of these vagrant zeros for the first derivative
of these L-functions by showing an improved zero-free region, and using this fact,
we improve the estimate on the number of zeros. We also introduce a further im-
provement obtained under the assumption of the truth of the generalized Riemann
hypothesis. Speiser in 1935 showed that the Riemann hypothesis is equivalent to the
first derivative of the Riemann zeta function having no zeros on the left-half of the
critical strip. In this talk, we also introduce an analogue of this equivalence condition
for Dirichlet L-functions when the associated modulo is not small. Namely, we show
an equivalence condition for the generalized Riemann hypothesis, stated in terms
of the distribution of zeros of the first derivative of Dirichlet L-functions associated
with primitive Dirichlet characters with not so small modulo. A part of this research
is a joint work with Prof. Hirotaka Akatsuka.



